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Abstract 
 
Using the generating function of SU(n) we find the conjugate state of SU(n) basis and we 
find in terms of Gel’fand basis of SU(3(n-1)) the representation of the invariants of the 
kronecker products of SU(n). We find a formula for the number of the elementary 
invariants of SU(n). We apply our method to the coupling of SU(3) and we find a new 
expression of the isoscalar of Wigner symbols (λ10,λ2μ2; λ3μ3). 
 
1. Introduction 
 
The applications of the SU (n) group theory  in nuclear physics have occurred in particles 
and for description of nuclear collective properties and for the classification of 
elementary particles[1-3]. These applications require the determination of the 
representations and the Clebsh-Gordan coefficients, or Wigner symbols, of unitary 
groups [3]. The bases of SU (2) and SU (3) were determined by Cartan-Weyl method [3]. 
And Gel'fand and Zeitlin [4-6], using the Young diagram of Schur-Weyl, found an 
orthogonal basis of SU (n) consisting of positive numbers 2/)1n(n + : 
                                         1)(
][
)(
−
=
n
n
n h
h
h With  [h]n =[h1n, .., hnn]n.                          (1,1) 
But it is important to note that E. Cartan [5] already proved that any arbitrary irreducible 
representation of U (n) can be expressed in terms of vectors minΔ of a set of n-subspaces
}{ mnΔ called the fundamental representations: 
                     n
n
nnnnn ]11,...,111[},...,{]0...110[}{,]0...100[}{
21 =Δ=Δ=Δ .              (1,2) 
We observed that the vectors }{ min Δ  may be expressed in terms of binary numbers with 
the sum of its one is m and we called it by the binary fundamentals basis (BFR) [7]. 
Generalizing the generating functions of the oscillator, SU (2), SU (3) we simply find, 
with the help of the BFR, the generating function of Gel'fand basis of SU (n) [7-8]. 
     In this paper we write the generating function in terms of the binary basis then by 
applying the transformation of binary numbers by its complement in this function we 
 find simply the conjugate [6] and sub conjugate states of SU (n). 
 
Several approaches have been proposed for the calculation of Wigner symbols: 
The infinitesimal approach [3], the Young diagram of Schur-Weyl [3] and the tensor 
operator method has been developed extensively by several research groups[9-14]. 
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Finally Van der Wearden has shown that the Wigner symbols can be determine from the 
development of invariants functions{H}formed from the elementary invariants of the 
kronecker product of three representations of SU (2)[15-16].  
The application of this method to SU (3) has been studied by several authors [17-18]. But 
Moshinsky observed that the kronecker product of the representations of SU (n) could be 
analyzed in terms of some representations of SU (N) where N =K(n-1) [19-21]. 
     Taking this observation  into consideration and using the generating function in the 
case of SU (3) multiplicity free we obtained an expression of Wigner symbols with a 
single sum instead of two summations by the tensor operator method [22].More {H} are 
orthogonal functions and we find it as a vector of the representation of SU(3). 
This important results has encouraged us to develop and extend our generating function 
method for the calculation of Wigner symbols of SU (n) [23]. We find in this paper the 
invariant functions among the vectors of Gel'fand basis of SU (3(n-1)) and a formula for 
the number of invariants. We also found a new expression of isoscalar factors of the 
tensor product of SU (3) with two summations. 
 
     In this paper we summarize the basis of SU(2),SU(3), the base of Gel'fand and 
generator of SU(n) in parts two, three and four. In part five we determine the Gel'fand 
conjugate state of SU(n). We study the Wigner of symbols in part six. In the seven and 
eight parts we give the bases of Gel'fand invariants of SU(2) and SU(3). The basis of 
Gel'fand invariants of SU (n) and the formula for the number of invariants will be given 
in part nine. In part ten we expose the derivation of the isoscalar of SU(3). 
 
2. The group SU (2) ⊂ SU (3) 
 
We will give only a summary of the basis of SU (2) and SU (3). 
 
2.1 The basis of the group SU (2) in the analytic Hilbert space 
    It’s well known [5] that the basis of SU(2) is 
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( )zjmϕ is the basis of the analytic Hilbert space, the Fock or the Fock-Bargmann(F-B) 
space, with the Gaussian measure: 
 
                     
1
221 ,,)exp()( iiiiiii iyxzdydxdzdzdzzzzd Δ=+==⋅−=μ        (2,2) 
 
2.2 The basis of the group SU (2) ⊂ SU (3)  
  Let ],[ μλD  the space of homogeneous polynomials and ),(),,( 21ytzt zzV λμ  is the orthogonal 
basis with:  
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λμ is homogeneous with respect to  z(i) then 
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The vectors ),(),,(
21
ytzt zzV
λμ are eigenfunctions of the Casimir operator of the second order
2T
r
, the projection ofT
r
on the z axis and the hypercharge Y. The eigenvalue of these 
operators are respectively t (t + 1), zt and the triple of the hypercharge quantum number 
y. The numbers  ztt,  are the isospin and the component of isospin on the z axis. 
We have: 
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B- The expression of ),()(
21 zzV λμα is well known [1- 19] and we give only the result: 
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3. The Gel’fand basis of unitary group 
 
3.1 The Gel’fand basis of the unitary groups 
Using the “ Weyl’s branching law” Gelfand-Zeitlin [4-6] introduced the basis of 
representation of U (n), function of 2/)1n(n +  integers numbers.  
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With                          .,...,1,...,2,,11,, jietnjhhh jijiji ==≥≥ +−  
And  hnn=0  for  SU(n)     
 
3.2 Cartan fundamental representations and the binary numbers 
3.2.1 The fundamental representations: 
The fundamental representations }{ mnΔ of U (n) are the irreducible subspace [h]n: 
                                                   
m
nn
m
Δ=]0,...,0,1,..,1,1,1[
876
                                              (3,2) 
m
n
m
in Ci ,...,1, =Δ Are the vectors of the subspace }{ mn Δ . 
We give only the correspondence between the binary representation and the variables 
m
iΔ4 of  SU(4) as an example: 
 
 
 
 
 
 
Table 1 
 
3.2.2 The representations of BFR in the analytic Hilbert space 
    We will generalize the basis vectors and  the binary basis of SU(2) and SU(3): 
SU(2) Basis 12 iΔ  1-∆ଵଵ 2-∆ଶଵ 
SU(2) Binary basis 1   0  0   1 
 
 
 
 
Table2 
 
Let njiz ji ,...,1,),( =  a matrix of complexes numbers and we consider the minors of this 
matrix: We associate to each miner lii l
K
K
12
1
Δ of the matrix (zij) i, j=1,..,na table of n-boxes 
numbered from 1 to n. We put "one" in the boxes liii ,,, 21 K and zeros elsewhere. 
2
4 iΔ  0  0  1  1 0  1  0  1 0  1  1  0 
3
4 iΔ  0  1  1  1 1  0  1  1 1  1  0  1 1  1  1  0 
1
4 iΔ  1  0  0  0 0  1  0  0 0  0  1  0 0  0  0  1 
2
4 iΔ  1  1  0  0 1  0  1  0 1  0  0  1 
SU(3) basis miΔ3  1-∆ଵଵ 2-∆ଶଵ 3-∆ଷଵ 4-∆ଶଷଵଶ 5-∆ଵଷଵଶ 6-∆ଵଶଵଶ 
SU(3) Binary basis 1 0 0 0 1 0 0 0 1 0 1 1 1 0 1 1 1 0 
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The supplement is:     (z) 10011)( 12
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The polynomials{ })(zkinΔ  form an orthogonal basis and it follows that the vectors of BFR 
are orthogonal. 
   The Gel'fand representation can be written in the analytic Hilbert or Fock space by: 
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4. The generating function of Gel'fand basis  
 
We review the generating functions of SU (2), SU (3) and we determine the generating 
function of Gel'fand basis. 
 
4.1 Generating function of SU(2) and the Gel’fand basis  
  We express the generating function of SU(2) in terms of Gel'fand indices by: 
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4.2 The generating function of SU(3) 
The generating function [7-8] of SU (3) may be written in Fock-Bargmann basis by: 
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We observed [8] that the powers of parameters  x and y have the same powers of 
 raising and lowering operators introduced by Nagel and Moshinsky [20]. In Gel'fand notations [7] we write (2,6) as: 
 
                        
⎟⎟
⎟⎟
⎟⎟
⎠
⎞
⎜⎜
⎜⎜
⎜⎜
⎝
⎛
μ+λ++
μ+λ++−μ+λ++
μμ+λ
=⎟⎟⎠
⎞
⎜⎜⎝
⎛
3
)2(
2
3
)2(
23
)2(
2
0
)(
][
2
3
Yt
YtYt
h
h
z
                    
(4,3) 
 6 
 
4.3 The generating function of SU(n) 
 Generalizing the generating functions of the oscillator, SU (2) and SU (3) we write: 
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2
1
1
111 zyxA n
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−μ
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                                         )],(),(exp[ , , zyx
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With                λ+μ−λμ−λμλμ −=λμ−=λμ 111 ),(,),( hhfandhhe . 
 
4.4 Calculus of the coefficients )y,x(mi,nϕ  
The coefficients )y,x(mi,nϕ may be written as product of parameters ),(yy μλ=μλ and
.),( μλ=μλ xx We determine the indices of these parameters by using the following rules: 
a- We associate to each "one" which appeared after the first zero a parameter μλx  whose 
indexλ is the number of boxes andμ the number of "one" before him, plus one. 
b- We associate to each zero after the first "one" a parameter μλy whose indexλ is the 
number of boxes and μ  is the number of "one" before him.  
 
4.5 The coefficients )y,x(mi,nϕ of SU(2) and SU(3) 
 
SU(2) Binary basis 1   0 0   1 
߮ଶ,ூ  ݕଶଵ ݔଶଵ 
 
 
 
 
Table 3 
 
 
5. The symmetry and the conjugate states of SU(n)  
 
     We know that each binary number has a complement then we deduce that k ]i[,nΔ has a 
complement
k
]i[,nΔ , Therefore the generating function is invariant by the transformation: 
 
                                                           
k
in
k
in Δ→Δ                                                        (5,1) 
 
5.1 The conjugate state ( )ncn h )(Γ of Gel’fand basis 
The generating function of the conjugate state ( )ncn h )(Γ becomes:
 ( )cnnn hhhh hyxA )())()((
2
1
1
111 Γ∑ ∏ ∏λμ =λ
−λ
=μ
−μ
λ
−μ
λλμ
λ+μ−λμ−λμλμ
 
                                    [ ],),(exp , , mjnim m in yx Δ∑ ϕ=                                         (5,2) 
SU(3) Binary basis 1 0 0 0 1 0 0 0 1 0 1 1 1 0 1 1 1 0 
߮ଷ,ூ ݕଶଵݕଷଵ ݔଶଵݕଷଵ ݔଷଵ ݔଶଵݔଷଶ ݕଶଵݔଷଶ ݕଷଶ 
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We change μ−λλ
μ−λ
λ
μ
λ
μ
λ xandybyyandx in ),(, yx
m
inϕ  to get ),(' , yxminϕ . 
Put ν=λ-μ  so we write:            
                      ( )ncnn hhhh hyxA cccc )())()((
2
1
1
,
111 Γ∑ ∏ ∏λμ =λ
−λ
=μ
−ν
λ
−ν
λνλ
λ+ν−λν−λνλν  
                                              ],),('exp[ , ,
m
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m
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Comparing (5,2) and (5,3) we find: 
    1,,,11, −λμ−λλμ−λλ+μ−λμ
−=− hhhh cc λ+μ−λ−λμ−λ−λμλμ −=− ,11,1,, hhhh cc ,            
                                                          
0,, == nnc nn hh                                                   (5,4) 
 
We will determine the conjugate state n
ch )( with the help of (5,4). 
5.2 Expressions of the indices of the conjugate states: 
We proceed by induction to determine the indices of the conjugate states: 
Let   λ=n    
                μ=n-1   1,1,1,1,1 −−− −=− nnc nnc nn hhhh Then 1,1,11,1 −−− −= nnc nn hhh  
                         nn
c
nn
c
nn hhhh ,21,11,1,1 −=− −−−− Then  nnc nn hhh ,2,1,1 −=−  
For          μ=n-2       1,2,11,2 −−− −= nnc nn hhh  , nnc nn hhh ,3,1,2 −=− ,    
                                 ………………………………………… 
 
After the calculations for λ= n, n-1 .., 1 and μ= 1,..,λ-1 we find: 
 
                                         
jijn
c
ji hhh ,1,1, +−−=
                                             
(5,5) 
 
5.3  The phase factor  
By extension of phase factor φ of SU (2) [6], we write: 
 
                                               n
ji ji hh 1, , −∑=ϕ                                                     (5,6) 
 
-The conjugate state of SU (2) and SU(3) 
- The conjugate state of SU (2) is:  
                                                     mjhhjh
ccc +=== 112212 ,0,2  
 - The conjugate state of SU (3) is the transformation : (t, tz, Y) Æ(t, -tz, -Y)   
So we get the conjugate basis and the R-Conjugation of Gell-Mann of SU (3) [17]. 
 
5.4 The sub conjugate state of SU (n-1) ؿ SU (n) 
For this case we retain the binary number n and we take only the complement of the first 
n-1 cells. We find that this transformation requires the following conditions:  
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With     ij2),-(n1,..,i <= . 
We find for SU (3) the transformation (t, tz, Y) ->(t, -tz, Y). 
 
5.5 The conjugate states and unitary the transformation 
We denote the unitary representation matrix of the unitary transformation U by: 
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With  )()( ][ )(),'(
][
)(),'(
∗= UDUD nn h hhh hh is the complex conjugates of )(][ )(),'( UD nh hh . 
 
6. Wigner’s symbols and the invariants of SU(n) 
 
    In this section we give the definition of invariants and its connection with the Wigner 
coefficients [21-24]. By using the binary representation of invariants and the parameter 
space we show that our method gives the Van der Wearden’s result of SU(2). 
 
6.1 Wigner’s symbols and the generalization of Van der Wearden’s invariants 
6.1.1 Wigner’s symbols 
    The direct product of two representations may be reduced according to the formula 
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The coefficients in this expression are the Clebsh-Gordan coefficients.  
 
6.1.2 The invariant of the unitary transformation 
 
The vector                           ∑
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is an invariant by unitary transformation with unity norm in the product of three spaces. 
When we replace it with the equation (6,2) we write:  
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The invariant polynomials H(ρ) is a function of the elementary invariants ( ))(zinsΔ . 
 
The coefficients      
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  Are Wigner’s 3j symbols of SU (n) and ρ is the indices of multiplicity. 
)(H ρ is the generalization of the Van der Wearden’s invariant of the group SU(2).  
Using (6,4) and (6,3) we find the following properties: 
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)3,2,1(
ρρ = HHU And     )'(),()'()( ρρρρ δ=HH                             (6,6) 
 
  Then we can choose )(ρH as subspace of SU(3 (n-1)) which are function of the 
compatible elementary invariants )(zin
sΔ . 
 
6.2 The elementary invariants )(zin
sΔ  and  insφ  
  We determine the elementary scalars )(zin
sΔ  which are the basic elements of the Gel'fand 
basis of the SU (k (n-1)). These scalars are formed of k rows of tables, Where each row 
of (n-1) boxes and iα “one” and zero elsewhere.  
iα Satisfies the following conditions  
                                                
n,1n0
k
1i
ii =∑α−≤α≤ =                                              (6,7) 
 
7. The Gel’fand basis for the invariants of SU(2) 
 
We will give all intermediate calculations to clarify the generalization to SU(n). 
 
7.1 The elementary invariants 
We find for SU (2) the three elementary invariants in the Gel'fand basis
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7.2 The Gel’fand basis for the invariants of SU(2) is SU(3) 
  The generating function of the invariants is: 
 10 
 
                                                 )](exp[
1
2
2
133
1
2
2
233
2
3
2
3
2
123 yxzy Δ+Δ+Δ                             (7,2)         
 
The parameters 0xy 13
1
3 ==  are not present in the { )y,x(]i[,3kφ } of elementary scalars, 
Therefore the powers of these variables must null: 
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Then 122313 hhh == and the invariant )(H ρ  is the Gel'fand basis:  
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7.3  The expressions of the indices of Gel’fand basis of the invariants 
The expansion of the generating function of 3-j symbols is: 
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With                         1112322112221 ,, hhkhhkhk −=−==                                                    (7,5) 
And                           ii
ii
i
ii mjhhjhh −=−=− 22112212 ,2                                                        (7,6) 
 
We obtain the well known expression of 3-j  symbols of Van der Wearden with ρ=1.  
 
8. The Gel’fand basis for the invariants of SU(3) 
 
The Gel’fand basis of  the invariants polynomials are formed from monomials and 
function of compatible product of elementary invariant scalars which is reduced to 7 
indices variables.  
 
8.1 The Invariants of the SU(6) Gel'fand basis 
     We find for SU (3) seven scalar elementary compatible, which are represented by the 
following tables: 
 
).((110001)2(,).((110100)1( )6()5()1()6()5()3( zzzzzz ×=−×=−
).((010011)4(,).((000111)3( )2()1()5()2()1()3( zzzzzz ×=−×=−
).((011100)6().((001101)5( )4()3()5()4()3()1( zzzzzz ×=−×=−
                                     
).((010101)7( )5()3()1( zzz ×=−                       (8,1) 
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8.2  Generating function of the invariants  
We write the generating function of the invariants in terms of ),(][, yxinkφ  by: 
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We note the powers of the development of this function k1, k2, ...,k6 and k7. 
A- The parameters {x, y} that are not present in the elementary scalars ),(][, yxinkφ  
     must have the power null. 
Then the Gel'fand basis for SU(3) invariants is: 
 
                            
⎟⎟⎠
⎞
⎜⎜⎝
⎛Γ=
⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎠
⎞
⎜⎜
⎜⎜
⎜⎜
⎜⎜
⎝
⎛
Γ
6
6
6
s
12
2212
332313
342413
241313
131313
6 )h(
]h[
h
hh
hhh
0hhh
00hhh
000hhh
                                 
(8,3) 
 
B- The identification of the power of parameters {x, y} of the elementary scalars  
),(][, yxinkφ and the powers in the development of(8,2) give: 
             33323122231224131 ,),()( hkhhkhhhhk =−=−−−=  
             ,,,, 232463334533224 hhkhhkhhk −=−=−=  
                                       )()( 332234237 hhhhk −−−=                                               (8,4) 
C-The solution of the system is 
                           ,, 35347654324 kkhkkkkkh +=++++=  
                       ,765432113 kkkkkkkh ++++++=  
                                 ,754323 kkkkh +++= ,333 kh =  
                         43227543212 , kkhkkkkkh +=++++=                                       (8,5)
  
8.3The homogeneity with respect to the rows and columns 
  The invariant of 3j symbolsof SU (3) is given by:  
 
    ∑ ⎟⎟⎠
⎞
⎜⎜⎝
⎛
ααα
μλμλμλ=
α
μλ
α
μλ
α
μλ
α
ρ
ρ
i
czzVzzVzzVH ),(),(),(
)()()(
)6()5()(
)(
43)(
)(
21)(
)(
)(321
332211
)(
33
3
22
2
11
1
  
(8,6) 
 
A-The homogeneity with respect to the columns(z(i),i=1,2,3)  
1- The homogeneity of ),( 21),,( zzV ytzt
λμ give: 
 
   δ1=tz +(Y/3)+(λ+2μ)/3 ,   δ2= -tz + (Y/3) +(λ+2μ)/3,     δ3=-(Y/3) +(λ+2μ)/3          (8,7)   
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2- The  homogeneity  in equation (8,6) give:  
                                1,+)/3YY(Y+)tt t(P 3213z2z1z P−+−+=  
                                1+)/3YY(Y+)tt t(P 3213z2z1z P−+−+−=  
                               1+)/3YY(YP 321 P−+−=  
With   754321 kkkkkk +++++=P ,  
We deduce that:               0)YY(Y)tt t( 3213z2z1z =−+=−+  
   And                       ))/3 + + ( 2 + +  +(P1=P 321321 λμμμλλ=                             (8,8)  
 
B-The homogeneitywith respect to the rows (z(i),i=1,2,..,6)  
1- The homogeneityof ρH give: 
                                     k1+k2 =λ3, k1+k4+k7=λ2,    k2+k5+k7=λ1 
                                     k3+k6+k7=μ3,  k5+k6=μ2,   k3+k4=μ1                                       (8,9)    
 
The addition of these equations is: 
                                  2P+k7= λ1+λ2+λ3+μ1+μ2+μ3 
2- We find 
                                  ))/3 + + ( - +  +(=k 3213217 λμμμλλ  
And                       k2=λ3-k1,        k3=μ1- k4,           k4=λ2- k7-k1,               
                                   k5= λ1- k2- k7,       k6=μ2-(λ1-k7-k2);                                        (8,10) 
 
8.4 Expression of the invariants in Gel’fand basis  
 
                   ,,22 33417122324 λ=−+λ−λ+μ+λ= hkkh  
                        ,,, 13331232313 khkhPh −λ=−λ+λ==  
                         17132271312 2, kkhkh −−λ+λ=+μ+λ=                (8,11) 
 
 
9. The Gel’fand basis of SU(n) invariants and 
It’s number formula 
 
The generalization of the basis of SU (2) and SU(3) to SU(n) requires that Δ(z) is only a 
function of  Cznizzzz ji
i
n
iii ∈−== ,1,..,1),,...,,( 21)( and the invariant of SU (n) is 
expressed in terms of  binary numbers of 3(n-1) boxes. 
 
9.1 The Invariants of SU(4) 
 
111000100)4,000100111)3,000110110)2,000111100)1  
110110000)8,111100000)7,100000111)6,110000110)5
 
100100110)12,100110100)11,110100100)10,100111000)9  
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9.2 The parameters of the elementary scalars 
  The parameters {x, y} of the elementary scalars )y,x(]i[,nkφ are: 
 
3
8
2
7
1
6
1
5
1
4
1
3
1
2
4
9
4
8
4
7
4
6
4
5
4
9
4
8
4
7
4
6
2
3
4
5
3
4
4
6
2
5
2
4
4
9
4
8
4
7
1
3
1
2 )4,)3,)2)1 xxyyyyyyyyyyyyyyyxxxxxyyyyy
4
9
2
6
3
8
3
7
2
5
1
4
1
6
1
5
4
9
3
8
2
7
1
4
4
9
4
8
3
6
3
5
3
4
4
7
4
9
2
6
2
5
2
4
2
3
4
8
3
7 )8,)7)6)5 yyxxxxyyxxxxyyyyyxyyyyyxx
4
9
4
8
3
6
3
5
2
3
4
7
3
4
4
9
4
8
3
6
1
3
1
2
4
7
3
5
2
4
4
9
2
6
2
5
1
3
1
2
3
8
3
7
2
4
4
9
4
8
4
7
3
6
2
5
1
4 )12,)11,)10,)9 yyyyyxxyyyyyxxxyyyyyxxxyyxxxx
 
9.3 The Gel'fand basis of the Invariants of SU(4)  
The Gel'fand basis of the invariants of SU(4) in terms of SU(9) basis is: 
 
                                       
⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎠
⎞
⎜⎜
⎜⎜
⎜⎜
⎜⎜
⎜⎜
⎜⎜
⎝
⎛
12
2212
332212
44342414
45352514
46362514
36251414
25141414
14141414
0
00
000
0000
00000
h
hh
hhh
hhhh
hhhh
hhhh
hhhh
hhhh
hhhh
                                             
(9,1) 
 
9.4 The Gel’fand basis for the invariants of  SU(n) 
After we have made all the calculations also for SU (5) and SU (6) we found that we can 
write the basis of Gel'fand invariants as: 
 
 
h1,3(n-1) = h1,nh1,n 
                                                                                    zero  
                                          h1,nhn,2n-1 
                                                                   A  hn,2n-2 
 
                                       h1,2n                                                                                                                                     (9,2) 
                                                                                     hn,n 
                                                h1,n        B                                     C 
                                               h1,n-1 E                                    F hn-1,n-1 
 
 
                                                                 h1,1 
 
It is interesting to note that we obtain a form of double Gel'fand basis similar to the tensor 
method of Biedenharn [24]. 
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9.5 The formula of the number of invariants 
The number of indices is: 
a- On the straight lineh1nhn,2n-1  there are (n-1) indices because hn,2n-1 =hn-1,2n-2 
b- On the straight line EF there are (n-1) indices 
c-In the triangle ABC there are n(n-1) / 2 indices 
The total sum of the indices is: 
 
                                                 N= n(n-1)/2+2(n-1)=(n-1)(n+4)/2.                             (9,3) 
 
We find for N =2,3,4,5,6 the following values: 3,7,12,18,25. 
We obtain by a simple Maple program of (6,8) the same numerical values of the formula 
(9,3) whatever N.  
 
10. The isoscalar of (ࣅ૚૙, ࣅ૛ࣆ૛; ࣅ૜ࣆ૜) symbols 
 
To overcome the difficulties of the methods already proposed [9, 12,17-18] we propose a 
simple idea which assumes the independence of variables{ },)(zinΔ 3,2,1=i  
in the expression(6,4)for the calculation of Wigner symbols of SU (n). 
Our proposal is to replace )(zin
sΔ in(6.4)by the elementary invariants of the space of 
parameters in
s φ . 
The symbols (ߣଵ0, ߣଶߤଶ; ߣଷߤଷ) was calculate by Moshinsky [19] using the basis of the 
oscillator. Then Resnikoff [17],following the well known Bargmann work on 
SU(2),transpose Moshinsky work on SU (3) to Fock-Bargmann space.  
The result of calculation by our method gives the expression of Wigner’s symbols and the 
isoscalar factors with only two summations. 
It is important to note that the calculations of the symbols (ߣଵ0, ߣଶ0; ߣଷߤଷ) is done by a 
direct calculation using the Gauss integral [22-23]. 
 
10.1 The Van der Wearden invariants of SU(2) in the space of parameters 
We replace in
s φ (x, y) by ),( 212 uuis φ  in the expression (7,4) and the elementary invariants 
in the space of parameters are: 
 
                  )1,2(2)1,2(1
)1,2(2)1,2(1
)2,1(011 21
1
2
2
2
1
12
2
1
2
2
2
1
1
xx
yy
zz
zz =Ξ=>ΔΔ−ΔΔ==>
       
(10,1)  
 
And                ji
ji
ji
uu
uu
xjxi
yjyi
uuji
22
11
)1,2()1,2(
)1,2()1,2(
][),( ===Ξ  
The Van der Wearden invariants is:
  
      
[ ]
2
)2(21)2(13)2(32
3
0
2
0
1
0
321
3
1 ,2
321
0
][][][)()(
N
uuuuuu
ttt
ttt
utH
tTtTtT
m
i
i
tt
i
ii
−−−
= =⎟⎟⎠
⎞
⎜⎜⎝
⎛∑ ∏ ϕ=
  
(10,2) 
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With       3213212 ,)2()!2()!2()!1( tttTtTtTtTTN ++=−−−+=  
 
The invariance by permutations of (3-t)symbols imposes the condition m1+m2+m3 =0. 
 
10.2 The generating function of 3-j symbols and the isoscalar of SU(3) 
The expression (8,6) is invariant by permutation of columns if: 
 
                    
( ) i
i
k
i
i
i
iS
i
i
h
WN
h
h
hhh
hhh
][
)(
][
)()()(
][][][ 7
1
3
3
1
3
3
3
)( 3
3
3
2
3
1
3
3
3
2
3
1
3
∏=∏ φ⎟⎟⎠
⎞
⎜⎜⎝
⎛Γ∑ ⎟⎟⎠
⎞
⎜⎜⎝
⎛
==ρ
       (10,3) 
 
The Wigner coefficients of  SU (3) is: 
 
         
⎟⎟⎠
⎞
⎜⎜⎝
⎛
⎭⎬
⎫
⎩⎨
⎧ μλμλμλ=⎟⎟⎠
⎞
⎜⎜⎝
⎛
ααα
μλμλμλ
ρρ zzz ttt
ttt
ytytyt 321
321
332211
332211
321
332211
],[],[],[
)()()(
)()()(
)()()(
  
(10,4) 
 
In this case we obtain the isoscalar factor {3(λμ, t, y)} of SU (3) but we must change the 
result of the calculations by ),,(),,(,33 yttytt zz −−→μ↔λ . 
The calculations of Ng is very long [17], but we give only the result: 
 
              
2/1
767165217
765761721
)!1()!1(!!!!!2
)!1()!1()!()!2( ⎥⎦
⎤⎢⎣
⎡
++++
+++++++++=
kkkkkkkkk
kkkkkkkkkPN g
        
(10,5) 
 
From the expression (8,9) we deduce k3=k4= 0 if μ1=0. 
We seek to determine the first term first and then the second term of(10,3). 
 
10.3 Development of the first member of the generating function of SU(3) 
10.3.1 Calculation of ),( 21),,( φφλμ ytztV  
                   )]!([)!(
!)!()1)(;(),( 21),,( knrks
rs
k
m
NV ksytzt −−−−μ
−μ∑ ⎟⎟⎠
⎞
⎜⎜⎝
⎛×−αλμ=φφλμ  
                                                  
∏∏×
=λ
−λ
=μ
−μ
λ
−μ
λ
λ+μ−λμ−λμλμ3
2
1
1
))()(( 111 hhhh yx                           (10,6) 
 
Using the known expression of hypergeometric functions F(α,β; γ; l) we write: 
∏∏×−μ+−
−μ+−αλμ=φφ
=λ
−λ
=μ
−μ
λ
−μ
λ
λμ λ+μ−λμ−λμλμ3
2
1
1
21
),,( ))()(()!(
)!()1)(;(),( 111 hhhhsytzt yxsmr
srNV
 
(10,7) 
 
using also (2,8) and )(2 srt −+μ= we obtain: 
)!()!(
1))()((),;(),(
00
3
2
1
1
21
),,(
111
tttt
yxytNV hhhhvytzt −+×∏∏λμ=φφ =λ
−λ
=μ
−μ
λ
−μ
λ
λμ λ+μ−λμ−λμλμ
  
(10,8)
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With       )!2(
)!1()!1()!()!(!!
)!12()!1(),;(
2
1
t
srrssr
tytNv ⎭⎬
⎫
⎩⎨
⎧
+−μ+λ++μ−λ−μ
++λ=λμ
        
(10,9) 
 
10.3.2 Expression of the First member 
using: 
 
))()(())()(())()( 2,21,11,121
2
21223111 112
1
3
2
1
1
iiiiiii hh
i
hh
i
hh
i
hh
i
hhhh yxyxyx −−=μ
−μ−μ
=λ
−λ
=μ
−μ
λ
−μ
λ ×∏=∏∏ +μμμμλ+μ−λμ−λμλμ  
The first expression of (10.3) may be written :
 
             
( ) { } { ×∑ ∏ μλλμ=∏ φ⎟⎟⎠
⎞
⎜⎜⎝
⎛Γ∑ λμ == }),;({),;(3)(
][
)},,;(3{ 3 13 1
3
3
30 i iiiivi
iS
i
i
ytNyt
h
h
ytt  
               } ∑ ∏−×∏ = −−=μ −μ−μ +μμμμ+μμμμ 3 1 112 1 2 212232 21223 )()(()3()()(( i hhihhihhihhi iiiiii yxtyx       (10,10) 
 
With the help of (10.2) we obtain: 
 
        
( ) [{ [ ]×∑ ∏ μλ×λμ=∏ φ⎟⎟⎠
⎞
⎜⎜⎝
⎛Γ∑ λμ == 3 13 1
3
3
30 ),;()},;(3{)(
][
)},,;(3{ i iiiivi
iS
i
i
ytNyt
h
h
ytt  
                                   ] [ ] })()()(( 22 1 2 21223 tHyx hhihhi iii ×∏ =μ −μ−μ +μμμμ                              (10,11)
  
10.4 Expression of the second member of the generating function of SU(3) 
10.4.1 Calculus of the invariants in the space of parameters i6
sφ  
To determine the images of invariants [W] in the space of parameters we write: 
 
            
))(001101 3412
1
3
34
13
1
2
34
23
1
1
4
3
3
3
1
3
4
2
3
2
1
2
4
1
3
1
1
1
ΔΔ+ΔΔ−ΔΔ==
zzz
zzz
zzz
z (10,1)     (10,12)
 
                                   )2,3(2)1,3(1)2,1()2,3(2)1,3(11 yxxyW +Ξ==>  
 
We apply the same method for the calculation of the image of the invariants and for 
simplicity we change im
i
m xandybymximyi ),3(),,3( . 
 
              
3
2
2
1
323
2
2
11 ][)1( yxuuxyW +==> 32113132112 ][)2( yxuuxyW +==>  
 
             
1
2
2
1
211
2
2
13 ][ )3( yxuuxyW +−=⇒ 12313112315 ][)4( yxuuxyW +−==>  
 
           
2
2
1
1
212
2
1
13 ][)5( yxuuxyW +==> 22313222316 ][)6( yxuuxyW +−==>  
 
                  ][][][)7(
323
1
2
1
1
1
313
1
1
1
2
1
212
1
1
1
3
17 uuyyxuuyyxuuyyxW +−==>                 (10,13) 
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10.4.2 Expression of the second member of (10,3) with μ1=0 
We put : 
                                   !!!!!
)()()()(()(
][
76521
76521
76521
kkkkk
WWWWWW
kkkkk
=
                          
(10,14) 
 
We note that the normalization of [W] can be done by several methods [9,17,23]. 
And after the development of  [W] we find: 
 
          
3
33
3
2212
3
2
3
23
3
127
3
1
2
33
2
2265
2
2
2
23
2
127
2
1
1
33
1
22
1
2
1
23
1
12
1
1
,
,,
0,
hhkkjkyhhmkly
hhlkikyhhnkky
hhyhhnmjiy
−=−+−⇒−=−+⇒
−=−+−⇒−=−+⇒
=−⇒−=+++⇒
 
           
3
22
3
23
3
2
3
12
3
136
3
1
2
22
2
23
2
2
2
12
2
135
2
1
1
22
1
23
1
2
1
12
1
13721
1
1
,
,,
0,
hhjkxhhmlkx
hhlixhhnkkx
hhxhhnmkjkikx
−=+⇒−=+−⇒
−=+⇒−=+−⇒
=−⇒−=−−+−+−⇒
   
(10,15)    
 
Then we find: 
                                    ,, 265321 μ=+λ=+ kkkk  
                          1752271376 ,, λ=++λ=+μ=+ kkkkkkk                        (10,16) 
 
 We get the same intermediate expressions of reference (17) which proves the validity 
and importance of our proposal. 
 
10.5 Expression of the isoscalar of (ࣅ૚૙, ࣅ૛ࣆ૛, ࣅ૜ࣆ૜) 
The development of [W] is: 
        
×∑ −−−−−−
−−=
+
ji
nl
T
nmknmlklkkkjkjiki
W
, 76125 )!(!!)!(!)!(!)!(!)!(!
)1()1(][
 
                                  
[ ]})()()( 222
1
3
1
2
21223 tHNyx
i
hh
i
hh
i
iii ×⎩⎨
⎧
⎥⎦
⎤⎢⎣
⎡∏∏
=λ =
−μ−μ +μμμμ
                       
(10,17) 
 
Comparing this expression with (10.6) we find the isoscalar factors of SU (3): 
 
                     [ ]×∏ μλ−=⎭⎬
⎫
⎩⎨
⎧ μλμλμλ
=
3
1
2
332211
332211
),;(
)1(
],[],[],[
)()()(
i iiiiv
T
ytN
N
ytytyt
 
                  
⎥⎦
⎤⎢⎣
⎡∑ −−−−−−
− +
ji
nl
nmknmlklkkkjkjiki, 76125 )!(!!)!(!)!(!)!(!)!(!
)1(
           
(10,18) 
 
With 
                           1
3
22
3
23
2
12
2
13
3
22
3
23
6
2
22
2
23
3
12
3
13
2
22
2
23
,
,
kjhhhhnjhhk
kihhhhmihhl
+−−+−=−−=
−−−+−=−−=
                      (10,19)                          
 18 
 
We get not only Wigner symbols but more the isoscalar factors of SU (n) with only  two 
summations. 
 
Finally, it is important to note that the generating function method [23] that we develop 
has a variety of applications [22-23] and in particular the unitary group theory and it is 
clear that this method requires only the undergraduate level. 
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